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Abstract
We give a definition of the quaternification of a complex or a real Lie algebra.
Then we shall prove that a simple Lie algebra has the quaternification. For the
proof we follow the well known argument due to Harich-Chandra, Chevalley and
Serre to construct the simple Lie algebra from its corresponding root system. The
root space decomposition of this quaternion Lie algebra will be given. Each root
sapce of a fundamental root is 2-dimensional. For example the quaternion special
linear algebra sl(n,H) is the quaternification of the complex special Lie algebra
sl(n,C).
2010 Mathematics Subject Classification. 15A30, 17B10, 17B20, 20G20.
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1 Introduction
A quaternion structure on a C-module V is a conjugate linear map J : V 7→ V that
satisfies the relation J2 = − I , [A]. (V, J) is called a quaternion module or a H-module.
The quaternion module V has a decomposition: V = H ⊗C Vo ' Vo + JVo by a C-
submodule Vo and there is a conjugation σ on V defined by σ(u0 + Jv0) = u0 − Jv0
for u0, v0 ∈ Vo. There exists also a complex conjugation automorphism τ defined by
τ(u0 + Jv0) = u0 + Jv0 for u0, v0 ∈ Vo. Let (V, J) be a quaternion module. We call
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a R-submodule W of (V, J) a σ-submodule if W is invariant under the conjugations σ
and τ . As an example I = { ia + jc ; a ∈ R, c ∈ C} is a σ-submodule of H, but is not
a quaternion submodule. We introduced the concept of a σ-submodule so that we can
study Lie algebras like sl(n,H) or so∗(2n) regularly both as a real Lie algebra and as
an object related to the quaternion structure. Let g be a σ-submodule of a quaternion
module (V, J). We call g a quaternion Lie algebra if g is endowed with a real Lie algebra
structure compatible with the conjugations:
σ [X, Y ] = [σX, σY ] , τ [X, Y ] = [τX, τY ] .
The involution σ has eigenvalues ±1. Let g = g++g− denote the corresponding eigenspace
decomposition. g+ becomes a subalgebra of g. Let go be a complex Lie algebra. We call
a quaternion Lie algebra g the quaternification of go if go is a subalgebra of g
+ and if
go + b for a subspace b of g
− generates g as a real Lie algebra. For example, the real Lie
algebra so∗(2n) of 2n × 2n skew symmetric complex matrices is the quaternification of
the complex Lie algebra so(n,C) of n× n skew symmetric complex matrices. In fact we
have a R-algebra isomorphism
so∗(2n) =
{
X ∈ gl(n,H) : tX +X = 0}
'
{(
A −B
B A
)
∈ sl(2n,C);
tA+ A = 0
tB = B
}
.
The latter is R-isomorphic to H⊗C so(n,C) by the change of matrix representations from
2n× 2n complex matrix to n× n quaternion matrix. Hence so∗(2n) ' H⊗C so(n,C) =
so(n,C) + Jso(n,C). By the same reasoning sp(n) = {X ∈ gl(n,H) : X∗ +X = 0 } is
the quaternification of of the Lie algebra u(n). As for the quaternification of complex
Lie algebra sl(n,C) we can not have H ⊗C sl(n,C) as the quaternification. It is not a
Lie algebra but it generates the real Lie algebra sl(n,H). sl(n,H) is a quaternifiction of
sl(n,C). Note that sl(n,H) is not a H-module but a σ-submodule. We shall prove that
every simple Lie algebra has the quaternification. For the proof we apply the well known
argument due to Chevalley, Harich-Chandra and Serre to construct the simple Lie algebra
from its corresponding root system, [S]. Let go be a simple Lie algebra generated by the
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fundamental basis {hi, ei, fi ; i = 1, · · · , l } with the relations:
[hi, hj ] = 0, [hi.ej] = cjiej , [ ei , fi ] = δij hi, .
(ad ei)
1−cji(ej) = 0 , (ad fi)1−cji(fj) = 0 , i 6= j .
Where (cij) is the Cartan matrix of go. The quaternification g of go is a quaternion Lie
algebra generated by
{hi , ei, fi , Jhi Jei , Jfi ; i = 1, · · · , l }
with the relations for go augmented by the following relations:
[hi, Jhj ] = 0, [hi , Jej ] = cji Jej , [hi , Jfj ] = −cji Jfj ,
[ Jhi , ej ] = cjiJej , [ Jhi , fj ] = −cji Jfj , [ Jhi, Jhj ] = 0 ,
[ ei , Jfi ] = δij Jhi, [ Jei , fi ] = δijJhi, [ Jei , Jfi ] = − δij hi,
[ Jhi , Jej ] = −cji ej , [ Jhi , Jfj ] = cjifj . (1.1)
g is a finite dimensional quaternion Lie algebra. Let ho be the Cartan subalgebra of the
simple Lie algebra go and let go = ho ⊕
∑
α∈Φ (go)α be the root space decomposition of
go with the root space (go)α = {ξ ∈ go; ad(h)ξ = α(h)ξ, ∀h ∈ ho}. The root system Φ
of go may be taken as real linear forms: Φ ⊂ Hom(hr,R). Where hr is the real form of
ho. hr becomes an abelian subalgebra of the quaternion Lie algebra g , and the triangular
decomposition of g with respect to hr is given by
g = k⊕ e⊕ f , with e =
∑
α∈Φ+
gα , f =
∑
α∈Φ−
gα , (1.2)
where gα = {ξ ∈ g ; ad(h)ξ = α(h)ξ, ∀h ∈ hr}. k is the ( real ) subalgebra generated
by H ⊗C ho = ho + Jho. e is generated by {ei, Jei ; i = 1, · · · , l} and f is generated
by {fi, Jfi ; i = 1, · · · , l}. For a non-zero root α ∈ Φ , we have gα = H ⊗C (go)α .
dimC gαi = dimC g−αi = 2 for a simple root αi, i = 1, · · · , l . Each root space gα is a
H-module, so is the subalgebras e and f, but k is a σ-submodule. For example, for the
quaternification g = sl(n,H) of go = sl(n,C), we have e =
∑
i>j HEij, f =
∑
i<j HEij
and k = ho +
√−1RE11 +J(ho + CE11), where ho =
∑n−1
i=1 C(Eii−Ei+1 i+1) is the Cartan
subalgebra of sl(n,C).
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Quaternion modules present also the spinor representation of Clifford algebras:
Clif4 = EndR(∆) = H(2) , ∆ = H⊕H .
The representation ∆ decomposes into irreducible representations ∆± = H of Spin(4).
Hence even ( or odd ) spinors are identified with quaternion valued functions. In our
forthcoming article [K] we shall investigate current algebras of harmonic spinors on S3
that take values in a Lie algebra. So one of the purpose of present article is to give
a steady point of view for such theory of spinor analysis as combined with Lie algebra
theory.
There have been several trials to give the definition of quaternion Lie algebras. R.
Farnsteiner [Fa] investigated a Lie algebra which is isomorphic to the central quotient of
a quaternion division algebra and called it quaternion Lie algebra. D. Joyce [J] and D.
Widdow [W] gave a definition of quaternion Lie algebra as an object of their AH-module
that satisfies the bracket conditions of Lie algebra. AH-module is a more restrictive
concept than H-module. Their quaternion Lie algebra is fit to the smooth quaternion-
valued vector fields on hypercomplex manifolds. They tried to give a definition of Lie
algebras on the quaternion field. While our Lie algebra is simply a real Lie algebra
invariant under two conjugations of the quaternion field.
2 Quaternion Lie algebras
2.1 Quaternions H
Let H be the quaternion numbers. A general quaternion is of the form x = x1 + x2i +
x3j+x4k with x1, x2, x3, x4 ∈ R. Every quaternion x has a unique expression x = z1 +jz2
with z1, z2 ∈ C. The quaternion multiplication will be from the right x −→ xy :
xy = (z1 + jz2 )(w1 + jw2 ) = (z1w1 − z2w2) + j(z1w2 + z2w1),
for x = z1 + jz2, y = w1 + jw2. Especially C acts on H from the right. H and C
2 are
isomorphic as C-vector spaces:
H
∼−→ C2 , z1 + jz2 −→
(
z1
z2
)
. (2.1)
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The multiplication of an element g = a+jb ∈ H to H from the left yields an endomorphism
in H: {x −→ gx} ∈ EndH(H). Under the identification H ' C2 the left quaternion
multiplication is expressed by a C-linear map
C2 3 z =
(
z1
z2
)
−→ gz =
 a −b
b a
( z1
z2
)
∈ C2 .
This establishes the R-linear isomorphism
H 3 a+ jb '−→
 a −b
b a
 ∈MJ(2,C) =

 a −b
b a
 : a, b ∈ C
 ,
and a R-algebra isomorphism:
H ' EndH(H) 'MJ(2,C) . (2.2)
2.2 Quaternion modules
A quaternion structure on a C-vector space V is a conjugate linear map J : V 7→ V :
J(au) = aJu for a ∈ C ,u ∈ V , that satisfies the relation J2 = − I , [A]. A left H-
module is a real vector space U with an action of H on the left, (x,v) −→ xv, such that
x(yv) = (xy)v for all x, y ∈ H and v ∈ U . For example Hn is an H-module. A quaternion
structure J on a C-vector space V is equivalent to the H-module structure on V viewed
as a real vector space. Let σ be a C-linear involution on the quaternion module (V, J)
that anti-commutes J : Jσ = −σJ . Let Vo be the eigensubspace of σ corresponding to
the eigenvalue +1. Then JVo = {Ju;u ∈ Vo} is the eigensubspace of σ corresponding to
the eigenvalue −1 and we have the direct sum decomposition of V :
V = Vo + JVo ' H⊗C Vo . (2.3)
There is also a complex conjugation τ on the C-module V ; τ 2 = I. τ restricts to the
conjugate linear involution on Vo; τ(z) = z, z ∈ Vo. We have τ(z1 + Jz2) = z1 + Jz2 for
z1, z2 ∈ Vo. σ and τ are commuting automorphisms of V : σ τ = τ σ. If we let Vr denote
the eigensubspace of τ on Vo corresponding to the eigenvalue +1, then we have
Vo = C⊗R Vr = Vr +
√−1Vr , V = H⊗R Vr ,
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that recovers the quaternionic structure on V .
Definition 2.1. Let V = Vo + JVo be a H-module. Let W be a R-submodule of V .
1. W is called a J-submodule of V if W is invariant under J , or equivalently, W has
the direct sum decomposition W = Uo + JUo for a R-vector subspace Uo of Vo.
2. W is called a σ-submodule of V if W is invariant under the conjugate automorphisms
τ and σ, or equivalently, W respects the Z2-gradation; W = W ∩ Vo +W ∩ JVo.
A J-submodule is a σ-submodule. A σ-submodule W = W ∩ Vo + W ∩ JVo is not
necessarily a C-module.
Examples
1. Every H-submodule of a H-module V is a J-submodule of V .
The algebra of n× n-matrices with entries in H: gl(n,H), is a H-module.
2. Rn + JRn is a J-submodule of Hn, but is not a H-submodule. In general V+JVr is
a J-submodule of a H-module V , but is not a H-submodule.
3. I = {ia+ jc ; a ∈ R, c ∈ C} is a σ-submodule of H which is not a J-submodule.
4. K = {(1 + j)a ; a ∈ R} is not a σ-submodule of H but a real subspace.
5. Let
sl(n,H) = {X ∈ gl(n,H); Re.T r X = 0 }.
sl(n,H) is a σ-submodule of gl(n,H) which is not a J-submodule.
6. We shall deal with Lie algebras sp(n) and so∗(2n,C) in section 2. They are σ-
submodules of gl(n,H).
Let V = H⊗C Vo and W = H⊗CW0 be H-modules. A homomorphism of H-module
is by definition a R-linear map T : V −→ W such that T (xv ) = xT (v) for ∀x ∈ H and
∀v ∈ V . For H-modules V and W , We denote by HomH(V,W ) the homomorphisms of
H-modules. HomH(V,W ) is a H-module if the left action is defined by
(cT )(v) = T (cv) , for ∀c ∈ H , ∀v ∈ V.
We denote EndH(V ) = HomH(V, V ).
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The decomposition V = Vo + JVo yields the following Z2-gradation of the C-module
EndC(V ):
EndC(V ) = End
0
C(V )⊕ End1C(V ) (2.4)
End0C(V ) = HomC(Vo, Vo)⊕HomC(JVo, JVo) ,
End1C(V ) = HomC(JVo, Vo)⊕HomC(Vo, JVo) .
Given a basis of Vo , any F ∈ EndC(V ) has the matrix representation.
F =
 A C
B D
 :
Vo Vo
⊕ −→ ⊕
JVo JVo .
. (2.5)
Put
EndJC(V ) =
{
F ∈ EndC(V ); JF = FJ
}
, (2.6)
Then F = A+ JB ∈ EndJC(V ) has the matrix representation
A+ JB =
 A −B
B A
 .
The isomorphism (2.3) yields the following R-linear isomorphism
EndH(V ) 3 A+ JB '7−→
 A −B
B A
 ∈ EndJC(V ) . (2.7)
We shall write
MJ(2n,C) =
{
Z ∈ gl(2n,C) , JZ = ZJ} (2.8)
=
Z =
 A −B
B A
 ; A, B ∈ gl(n,C)
 .
Then gl(n,H) and MJ(2n,C) are isomorphic as matrix algebras over R . MJ(2n,C) is
also R-algebra isomorphic to MJ(2,C) ⊗C gl(n,C) . In fact the isomorphism given by
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the following transformation of 2n× 2n-matrices:
(j)
(i)

· · · · · · · · · ·
· · ·
(
aij −bij
bij aij
)
· · ·
· · · · · · · · ·

−→
(i)
(n+ i)

· · · · · · · · · · · · · · · · · ·
· · · aij · · · · · · −bij · · ·
· · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · ·
· · · bij · · · · · · aij · · ·
· · · · · · · · · · · · · · · · · ·

.
MJ(2,C)⊗C gl(n,C) 3
∑n
i,j=1
{
aijE
′
2i−1 2j−1 + bijE
′
2i 2j−1 − bijE ′2i−1 2j + aijE ′2i 2j
}
=⇒ ∑ni,j=1 { aijEij + bijEn+i,j − bijEi,n+j + aijEn+i,n+j} ∈ MJ(2n,C) , (2.9)
where Eij is the n×n-matrix with entry 1 at (i, j)-place and 0 otherwise. SinceMJ(2,C) '
H we have the following R-algebra isomorphisms:
gl(n,H) ' MJ(2n,C) ' H⊗C gl(n,C) = gl(n,C) + Jgl(n,C) . (2.10)
2.3 Lie algebra gl(n,H)
We define the following bracket on gl(n,H):
[X1 + JY1, X2 + JY2 ] = (X1X2 −X2X1 − Y 1Y2 + Y 2Y1)
+J(Y1X2 − Y2X1 +X1Y2 −X2Y1) (2.11)
for X1 + JY1, X2 + JY2 ∈ gl(n,H), Xi, Yi ∈ gl(n,C), i = 1, 2. It gives a real Lie algebra
structure on gl(n,H). More conveniently, by the basis {Eij}i,j of gl(n,C) we have
[ z1 ⊗ Eij , z2 ⊗ Ekl ] = (z1z2)⊗ δjkEil − (z2z1)⊗ δilEkj
for z1, z2 ∈ H. It is easy to see that thus defined R-linear bracket satisfies the antisym-
metry equation and the Jacobi identity. The bracket is evidently invariant under complex
and quaternion conjugations:
σ [X.Y ] = [σX , σ Y ] , τ [X.Y ] = [ τX , τ Y ] . (2.12)
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The eigensubspace of the involution σ corresponding to the eigenvalue +1 is nothing but
the complex Lie algebra gl(n,C).
2.4 Quaternion Lie algebras
Let (V, J) be a H-module. Let σ be the C-linear involution on V that anti-commutes
J : Jσ = −σJ , and let τ be the conjugate C-linear involution on V that commutes with
σ: στ = τσ. Let Vo be the C-eigensubspace of σ corresponding to the eigenvalue +1:
V = Vo + JVo, and Vo, JVo are invariant under τ .
Definition 2.2. Let g be a R-submodule of the H-module (V, J). g is called a
quaternion Lie algebra if g is equipped with a bracket [ · , · ] that satisfies the following
properties:
1. ( g , [ , ] ) is a real Lie algebra:
(a) The bracket operation is R-bilinear.
(b)
[X , Y ] + [Y , X ] = 0 for all X, Y ∈ g.
(c)
[X , [Y, Z] ] + [Y , [Z, X] ] + [Z , [X, Y ] ] = 0 ∀X, Y, Z ∈ g.
2. σ and τ are homomorphisms of Lie algebra g :
(a) ( g , [ , ] ) is invariant under the involutios σ and τ .
(b)
σ[X , Y ] = [σX , σY ] , τ [X , Y ] = [ τX , τY ] , ∀X, Y ∈ g.
For a quaternion Lie algebra g we denote by g± the eigensubspace of the involution
σ with the eigenvalue ±1 respectively. g± is a vector subspace of g invariant under the
complex conjugation τ , and
g = g+ + g− , g+ = g ∩ Vo , g− = g ∩ JVo . (2.13)
g+ becomes a subalgebra of g.
Definition 2.3. Let ( go , [ , ]o ) be a complex or real Lie algebra. Let ( g , [ , ] ) be
a quaternion Lie algebra. g is called the quaternification of go if go is a ( real ) Lie
9
subalgebra of g+ and if there is a ( real ) vector subspace b of g− such that go + b
generates g as a real Lie algebra.
Let g and g′ be quaternion Lie algebras. A homomorphism ϕ : g −→ g′ of real Lie
algebras is called a homomorphism of quaternion Lie algebras if
ϕ (τX ) = τ ϕ(X) and ϕ (σX ) = σ ϕ(X) , for ∀X ∈ g. (2.14)
We note that the quaternification is uniquely determined up to isomorphisms.
Definition 2.4.
Let g be a quaternion Lie algebra and let p be an ideal of g viewed as a real Lie algebra.
p is called an ideal of quaternion Lie algebra g if p is invariant under the involution σ.
The quotient space of a quaternion Lie algebra g by an ideal p is endowed with a
quaternion Lie algebra structure, where the involution σ̂ on g/p is defined by
σ̂(x+ p) = σx+ p .
For a homomorphism of quaternion Lie algebra ϕ : g −→ g′, the kernel ker ϕ becomes
an ideal of g.
Remark 2.5. Here is a remark on our abbreviation. Let g be a quaternion Lie algebra and
g = g++g− be the eigensapce decomposition by σ; (2.13). Let ao be a complex submodule
of g+ and ar be the real form: ao = ar +
√−1ar. Let b be a real Lie subalgebra of g that
is generated over R by ar+
√−1ar+Jar+
√−1Jar. We abbreviate to call b a quaternion
subalgebra of g generated by ao + Jao , though b may not be a C-module. For example,
sl(n,H) is a quaternion Lie algebra generated by sl(n,C) + Jsl(n,C), though sl(n,H) is
not a C-module. In fact, for ao = sl(n,C), we have b = sl(n,H) and ar = sl(n,R) and
b = ao + Jao +
√−1REnn + JCEnn (2.15)
= ar +
√−1(ar + REnn) + J(ar + REnn) + J(
√−1ar +
√−1REnn) .
2.5 Examples
1. gl(n,H) is a quaternion Lie algebra that is the quaternification of gl(n,C).
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We have alreday discussed it in 2.3 and (2.8):
gl(n,H) =
{
X ∈ gl(2n,C) : X J = JX } (2.16)
=

 A −B
B A
 ; A, B ∈ gl(n,C)
 .
2. so∗(2n) is a quaternion Lie algebra.
so∗(2n) is the Lie algebra of SO∗(2n) = SL(n,H) ∩O(2n,C), [He]:
so∗(2n) =
{
X ∈ gl(n,H) : tX +X = 0} = su∗(2n) ∩ so(2n,C)
'
{(
A −B
B A
)
∈ sl(2n,C); A ∈ so(n,C),
B : Hermitian matrix
}
.
The above R-isomorphism is described by the change of matrix representations from
H⊗C gl(n,C) to MJ(2n,C), (2.9). We note that JB ∼
(
0 −B
B 0
)
∈ so(2n,C)
iff B is a Hermitian n× n-matrix. So so∗(2n) is a quaternification of so(n,C).
3. sp(n) is a quaternion Lie algebra.
By virtue of the change of matrix representations due to the change of coefficients
from H to C, we have the R-algebra isomorphism:
sp(n) = {X ∈ gl(n,H) : X∗ +X = 0 } = sp(n,C) ∩ u(2n)
'
{(
A −B
B A
)
∈ sl(2n,C); A : skew Hermitian n× n matrix
B : symmetric matrix
}
.
Then
sp(n) = {A+ JB ∈ gl(n,H) ; A ∈ u(n), B ∈ s } , (2.17)
where s is the n × n symmetric matrices. Here we note that B ∈ s iff JB ∼(
0 −B
B 0
)
∈ u(2n). Hence sp(n) is a quaternification of the real Lie algebra
u(n).
4. sl(n,H) is a quaternion Lie algebra. It is the quaternification of sl(n,C).
H⊗C sl(n,C) = sl(n,C) + Jsl(n,C) is not a Lie algebra, but it generates sl(n,H)
as a real Lie algebra. We shall give a precise expalanation of the quaternion Lie
11
algebra sl(n,H) in the next paragraphe. gl(n,H) can not be a quaternification of
sl(n,C).
5. The associative algebra generated by a H-module has a natural quaternion Lie
algebra structure. Let V = H ⊗C Vo = Vo + JVo be a H-module. Let Ao be an
associative algebra generated by the C-module Vo. Then A = H ⊗C Ao endowed
with the multiplication rule defined by (z1 ⊗ v1) · (z2 ⊗ v2) = (z1z2) ⊗ (v1 · v2)
becomes an associative C-algebra generated by the H-module V . The conjugate
linear map J extends to an odd endomorphism of the algebra A , and we have
A = H⊗A0 ' Ao+JAo. Here we note that the product Jv1 ·Jv2 · · · ·Jvk belongs
to Ao if k is even ( respectively to JAo if k is odd ). The conjugation automorphisms
σ and τ on V = Vo + JVo is equally extended to the conjugation automorphism on
A = Ao + JAo. A has naturally the quaternion Lie algebra structure defined as in
(2.11), or equivalently:
[ c1 ⊗ v1 , c2 ⊗ v2 ] = (c1c2)⊗ (v1 · v2)− (c2c1)⊗ (v2 · v1) , (2.18)
for c1, c2 ∈ H, v1,v2 ∈ Vo.
6. Let U(g) be the universal enveloping algebra of g, [D]. Then H ⊗C U(g) is a
quaternion Lie algebra, [K-I].
2.6 Quaternion Lie algebra sl(n,H)
Now we discuss sl(n,H) as the quaternification of sl(n,C). By definition
sl(n,H) = {Z ∈ gl(n,H) ; Re. tr Z = 0 } . (2.19)
We put
sk(n,C) = {A ∈ gl(n,C) ; tr A ∈ √−1R },
then sk(n,C) is a real Lie algebra and
sl(n,H) = sk(n,C) + Jgl(n,C) =

 A −B
B A
 ∈MJ(2n,C); A ∈ sk(n,C)
B ∈ gl(n,C)
 .
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We have the following relation:
H⊗C sl(n,C) = sl(n,C) + Jsl(n,C) ⊂ sk(n,C) + Jgl(n,C) = sl(n,H) .
The basis of the complex Lie algebra go = sl(n,C) is given by
h1 = E11 − E22, h2 = E22 − E33, . . . , hn−1 = En−1,n−1 − En,n, Eij , i 6= j .
The first (n − 1) elements give a basis of diagonal matrices ho, which is the Cartan
subalgebra of go of dim ho = n − 1. Let αij be the roots of go with respect to ho:
αij(h) = λi − λj,h ∈ ho, i 6= j . The root space decomposition becomes
sl(n,C) = ho ⊕
∑
i 6=j
(go)αij , (go)αij = CEij .
The set of simple roots is Π = {αi = αi,i+1 ; i = 1, · · · , n − 1 }. Fix a standard set of
generators of sl(n,C):
hi ∈ ho , ei = Ei i+1 ∈ (go)αi , fi = Ei+1 i ∈ (go)−αi , 1 ≤ i ≤ n− 1 ,
so that
[ ei, fj ] = hjδij , [hi, ej ] = ej , [hi, fj ] = −fj . (2.20)
{Eij ; 1 ≤ i 6= j ≤ n} are generated as follows;
Eij = [ ei , [ei+1, · · · [ej−2, ej−1] ] · · · ] , for i < j ,
Eij = [ fj , [fj+1, · · · [fi−2, fi−1] ] · · · ] , for i > j . (2.21)
The H-module H⊗C sl(n,C) = sl(n,C) + Jsl(n,C) has as its basis
B = {hi , Jhi : 1 ≤ i ≤ n− 1 } ∪ {Ej k , JEj k : 1 ≤ j 6= k ≤ n }.
Proposition 2.6. H ⊗C sl(n,C) = sl(n,C) + Jsl(n,C) generates the Lie algebra
sl(n,H) over R. The generators are given by
hi , ei , fi , Jhi , Jei , Jfi ; ( i = 1, · · · , n− 1 ) . (2.22)
Hence the quaternification of sl(n,C) is sl(n,H).
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Proof. The basis B of sl(n,C)+ Jsl(n,C) augmented by the two elements
√−1E2 2 ∈
sk(n,C) \ sl(n,C) and √−1 J(Eii + Enn) ∈ J(gl(n,C) \ sl(n,C)) present a basis of
sl(n,H) = sk(n,C) + Jgl(n,C) ( as a σ-submodule of gl(n,H) ). So we shall show
that these two elements are generated by B ( as a real Lie algebra ). In fact, we have
[
√−1 Jh1 , Jh2 ] = −2
√−1E2 2, and [ J(Eni),
√−1Ein ] =
√−1J(Eii + Enn). We note
that sl(n,H)	 (sl(n,C) + Jsl(n,C)) belongs to the root space with root 0 :
ad(h)E2 2 = 0 , ad(h) J(Ei i + Enn ) = 0 , ∀h ∈ ho .
The general theory of root space decomposition of the quaternification of a simple Lie
algebra will be discussed in section 3. Here we note only the relation between the root
space of go and that of the quaternification g:
gα = H⊗C (go)α , for α 6= 0.
Hence each root space gα for α 6= 0 is a H-module.
2.7 Free quaternion Lie algebra
Let Lo be a Lie algebra over C generated by a basis X of a C-vector space V . We say
that Lo is free on X if, given a mapping φo of X into a complex Lie algebra go, there
exists a unique homomorphism ψo : Lo −→ go extending φo, [B, H]. There is a unique
free Lie algebra Lo(X) generated by X.
Definition 2.7.
Let X be a finite set that is identified with the subset 1 ⊗ X ⊂ H ⊗ X. We denote
JX = j⊗X ⊂ H⊗X. The set (X, JX) may be supposed to be a subset of a H-module.
Let L be a quaternion Lie algebra generated by the basis {X, JX}. L is said to be free on
{X, JX} if, given a quaternion Lie algebra g and a Z2-graded mapping φ : X+JX 7→ g,
there exists a unique homomorphism of quaternion Lie algebras ψ : L −→ g that extends
the mapping φ.
Proposition 2.8. There exists a unique free quaternion Lie algebra L on {X, JX} .
Proof. Let Vo be a vector space over C having X as basis. Then V = H ⊗C Vo =
Vo + JVo is a H-module with the basis {X, JX}. Let Ao be the associative C-algebra on
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the generators {X} and let A be the associative C-algebra on the generators {X, JX}.
The set of all monomials in these generators form a basis of A. Such a generator has
the form xi1 · · ·xim + J(yj1 · · · yjn) with xi1 , · · · , xim , yj1 , · · · , yjn ∈ X. The monomial
Jv1 · Jv2 · · · · Jvk belongs to Ao if k is even, and belongs to JAo if k is odd. Hence
A = Ao + JAo is a H-module. We denote by the same letter A the Lie algebra obtained
from A by redefining the multiplication in the usual way; (2.11). A = Ao + JAo becomes
a quaternion Lie algebra and Ao is a complex Lie algebra that is a real Lie subalgebra of
A. Let L be the Lie subalgebra of A that is generated by {X, JX } ( as a real Lie algebra
). The Lie subalgebra Lo = L ∩ A0 is generated by X. We have L = Lo + JLo and L is
a quaternification of Lo. L is a quaternion Lie algebra as well as H-module generated by
{X, JX}. Given a Z2-graded mapping φ from {X, JX} into a quaternion Lie algebra g.
φ is extended first to a Z2-graded linear map V 7→ g , then canonically to an associative
algebra homomorphism Φ : A −→ U(g), and Φ induces a homomorphism of quaternion
Lie algebras: Φ : A −→ U(g). Φ restricts to give a homomorphism of quaternion Lie
algebras ψ : L −→ g . Since the image of generators {X, JX} in g defines uniquely the
mapping we have the uniqueness of ψ .
Definition 2.9. If L is a free quaternion Lie algebra on X = {xi; i ∈ Λ}, and if R is the
ideal of L generated by elements { fj; j ∈ Λ′}, we call L/R the quotient quaternion Lie
algebra with generators {xi}i∈Λ and relations {fi = 0; i ∈ Λ′}, where xi are the images
in L/R of the elements of X.
3 Quaternification of a simple Lie algebra
3.1 Theorem of Chevalley, Harish-Chandra and Serre
Let go be a simple Lie algebra with Cartan matrix A = (cij). Let ho be a Cartan
subalgebra, Φ the corresponding root system. Let Π = {αi; i = 1, · · · , l = dim ho} ⊂ h∗o
be the set of simple roots and {α∨i ; i = 1, · · · , l } ⊂ ho be the set of simple coroots. The
Cartan matrix A = ( cij )i,j=1,··· ,r is given by cij = 〈α∨i , αj〉. Π is also a base of the real part
hr of ho. So α(h) is a real number for ∀α ∈ Φ and ∀h ∈ hr. Let go = ho⊕
∑
α∈Φ (go)α be the
root space decomposition with the root space (go)α = {ξ ∈ go; ad(h)ξ = α(h)ξ, ∀h ∈
ho}. Then dimC (go)α = 1. Let Φ± be the set of positive ( respectively negative ) roots of
go and put
eo =
∑
α∈Φ+
(go)α , fo =
∑
α∈Φ−
(go)α .
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Then go = ho ⊕ eo ⊕ fo. Fix a standard set of generators hi ∈ ho , ei ∈ (go)αi , fi ∈
(go)−αi . go is generated by X = {ei, fi, hi ; i = 1, · · · , l }, and these generators satisfy
the relations:
[hi, hj ] = 0 , [ ei , fj ] = δijhi , [hi , ej ] = cjiej , [hi , fj ] = − cjifj . (3.1)
This is a presentation of go by generators and relations which depend only on the root
system Φ.
Conversely given a Cartan matrix A there is a simple Lie algebra that is associated to
A, [H, C]. Let Φ be a root system with a fundamental system Π = {α1, · · · , αl } , and
let cij =< αi , αj > be the associated Cartan integers.
Let Lo be the free Lie algebra on 3l generators X = { ei , fi , hi ; 1 ≤ i ≤ l } . Let
Io be the ideal in Lo generated by the elements:
[hi , hj ] , [ ei , fj ] − δij hi , [hi , ej ] − cji ej , [hi , fj ] + cji fj . (3.2)
Theorem 3.1 ( Tits, Chevalley and Harish-Chandra). Mo = Lo/Io is the complex Lie
algebra with generators { ei, fi, hi ; 1 ≤ l ≤ l } and relations (3.1):
[hi, hj ] = 0 , [ ei , fj ] = δijhi , [hi , ej ] = cjiej , [hi , fj ] = − cjifj .
The elements hi ; 1 ≤ i ≤ l , form a basis of a l-dimensional abelian subalgebra Ho of Mo
and
Mo = Fo +Ho + Eo , direct sum ,
where Fo ( respectively Eo ) is the subalgebra of Mo generated by the f1, · · · , fl ( respec-
tively e1, · · · , el ).
The proof of this theorem is given by constructing a suitable representation of Mo,
[C, H, S]. Let L−o be the free associative C-algebra with generators { f1, f2. · · · , fl }. Then
L−o may be made into a Mo-module giving a representation ρo : Mo −→ End(L−o ) defined
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by:
ρo(fj) fi1 · · · fit = fjfi1 · · · fit
ρo(hj) fi1 · · · fit = −(ci1j + · · ·+ citj)fi1 · · · fit
ρo(ej) fi1 · · · fit = −
t∑
k=1
δjik
(
t∑
h=k+1
cihj
)
fi1 · · · fˇik · · · fit (3.3)
where fˇik means that fik is omitted from the product. There is a unique extension to Mo
of this action and we have a representation ρo : Mo −→ End(L−o ). We find that the ideal
Io is in the kernel of the representation Mo −→ End(L−o ). A detailed proof is at p.99 of
[C] or at p.97 of [H].
Put
eij = (ad ei)
−cji+1( ej ) , fij = (ad fi)−cji+1( fj ) for i 6= j . (3.4)
Let I˜o be the ideal Mo generated by all eij , fij , 1 ≤ i 6= j ≤ l .
Theorem 3.2 (Serre). Let Φ be a root system and let go = Mo/I˜o be the Lie algebra
generated by { ei, fi, hi ; 1 ≤ i ≤ l } that are subject to the relations (3.1) and the relations
eij = fij = 0 ; 1 ≤ i 6= j ≤ l . (3.5)
Then go is a finite dimensional simple Lie algebra with the Cartan subalgebra spanned by
{hi; 1 ≤ i ≤ l}, and with the corresponding root system Φ.
The proof is found at p.99 of [H]. It is based on the fact that the maps ad ei : go −→ go
and ad fi : go −→ go are locally nilpotent and also on the facts that the root system Φ is
finite as well as the Weyl group.
3.2 Quaternification of a simple Lie algebra
Let Lo be as in the preceding paragraph a free Lie algebra over C on 3l generators
X = { ei , fi , hi ; 1 ≤ i ≤ l }, and let Io be the ideal of Lo generated by
[hi , hj ] , [ ei , fj ] − δij hi , [hi , ej ] − cji ej , [hi , fj ] + cji fj . (3.2)
Note that cij’s are real numbers. Let Ir be the real form of Io: Io = Ir +
√−1Ir.
From Proposition 2.8 there is a free quaternion Lie algebra L that is generated over
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C by the following elements
X + JX = { ei , fi , hi , Jei , Jfi , Jhi ; 1 ≤ i ≤ l } . (3.6)
Then L = Lo + JLo is a quaternion Lie algebra as well as a H-module, and becomes the
quaternification of the complex Lie algebra Lo . More precisely
L = Lr +
√−1Lr + JLr + J(
√−1Lr) ,
where Lr is the real form of Lo , see Remark 2.5.
Let I∗ be the ideal of the real Lie algebra L generated by the following elements:
[hi , Jhj ] , [ Jhi , Jhj ] , (3.7)
[ Jei , fj ] − δij Jhi , [ ei , Jfj ] − δij Jhi , [ Jei , Jfj ] + δij hi ,
[hi , Jej ] − cji Jej , [ Jhi , ej ] − cji Jej , [ Jhi , Jej ] + cji ej ,
[hi , Jfj ] + cji Jfj , [ Jhi , fj ] + cji Jfj , [ Jhi , Jfj ] − cji fj .
Let I = Io + I
∗ be the sum of ideals Io and I∗. I is generated by the elements (3.2) and
(3.7). Then we have
I ⊂ Lo + JLr , I ∩ Lo = Io . (3.8)
We note that the elements like [
√−1xi, Jyi] and [
√−1Jxi, Jyi] for xi, yi = hi, ei, fi , are
not in I.
Let M = L/I be the quotient algebra of L by I. Then M is the quaternification of
Mo.
We shall construct a suitable representation ( over R ) of M so that we can study the
Lie algebra M concretely. The images of the generators (3.6) of L will be written by the
same notation: { ei , fi , hi , Jei , Jfi , Jhi , 1 ≤ i ≤ l }.
Let L− be the free associative quaternion Lie algebra generated by the basis {fi, Jfi ; i =
1, 2, · · · , l }.
Proposition 3.3. Let Lo be as before the free Lie algebra generated by { ei , fi , hi}
and let ρo : Mo −→ End(L−o ) be the representation given by the actions (3.3). Then
ρo : Mo −→ End(L−o ) is extended to a representation ρ : M −→ End(L−) that is given
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by the following formulae:
ρ(hj)(Jfi1 · · · fit) = ρ(Jhj) (fi1 · · · fit) = −(ci1j + · · ·+ citj) Jfi1 · · · fit (3.9)
ρ(fj)(Jfi1 · · · fit) = ρ(Jfj) (fi1 · · · fit) = Jfjfi1 · · · fit
ρ(ej)(Jfi1 · · · fit) = ρ(Jej) (fi1 · · · fit) = −
t∑
k=1
δjik
(
t∑
h=k+1
cihj
)
Jfi1 · · · fˇik · · · fit
ρ(Jhj) (Jfi1 · · · fit)) = (ci1j + · · ·+ citj) fi1 · · · fit (3.10)
ρ(Jfj) (Jfi1 · · · fit) = −fjfi1 · · · fit
ρ(Jej) (Jfi1 · · · fit) =
t∑
k=1
δjik
(
t∑
h=k+1
cihj
)
fi1 · · · fˇik · · · fit
Proof
Since f1, · · · , fl, Jf1, · · · , Jfl form a basis for L− the above formulae determine
uniquely the endomorphisms ρ(hi), ρ(fi), ρ(ei), ρ(Jhi), ρ(Jfi), ρ(Jei) . Thus there is a
unique homomorphism L −→ End(L−) mapping X + JX ∈ L , (3.6), to ρ(X + JX) .
This induces a quaternion Lie algebra homomorohism L −→ End(L−). In order to ob-
tain a homomorphism M −→ End(L−) we must verify I ⊂ Ker ρ . That is, ρ factors
through M , thereby making L− an M -module. The fact that [hi, hj], [ei, fj] − δijhi,
[hi, ej]− cjiej and [hi, fj] + cjifj belong to the kernel of ρ has been mentioned in Theorem
3.1 and the proof is found in Proposition 18.2 of [H]. We arrange the basis of L− in such
a way that {· · · , (fi1 · · · fis) , (Jfi1 · · · fis) , · · · , (fk1 · · · fkt) , (Jfk1 · · · fkt) , · · · , · · · } are
in lexicographic order. Then we see from (3.9), (3.10) that hj and Jhj act diagonally
multiplying each basis element of L− by scalars, so that each pair of ρ(hi) and ρ(Jhj)
commute, hence [hi, Jhj], [Jhi, hj] and [Jhi, Jhj] belong to the kernel of ρ.
We have
ρ(Jei)ρ(fj) fi1 · · · fit = −
(
t∑
h=1
cihi
)
Jfi1 · · · · · · fit
−
t∑
k=1
δiik
(
t∑
h=k+1
cihi
)
Jfjfi1 · · · fˇik · · · fit
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ρ(fj)ρ(Jei) fi1 · · · fit = −
t∑
k=1
δiik
(
t∑
h=k+1
cihi
)
Jfjfi1 · · · fˇik · · · fit
Hence
(ρ(Jei)ρ(fi)− ρ(fi)ρ(Jei))fi1 · · · fit = −
(
t∑
h=1
cihi
)
Jfi1 · · · · · · fit = ρ(Jhi)fi1 · · · fit ,
so that [Jei , fi ]− Jhi ∈ Ker ρ. Also [Jei , fj ] ∈ Ker ρ for i 6= j. Next
(ρ(Jhi) ρ(fj) − ρ(fj)ρ(Jhi))fi1 · · · fit = ρ(Jhi)(fjfi1 · · · fit)− ρ(fj)(−(cii1 + · · ·+ ciit) Jfi1 · · · fit
= (−(cij + cii1 + · · ·+ ciit) + (cii1 + · · ·+ ciit)) Jvjvi1 · · · vit = − cji Jyj · vi1 · · · vit .
Therefore [ Jhi , fj ] + cijJfj ∈ Ker ρ .
To prove [ Jhi , ej ] − cjiJej ∈ Ker ρ we have
ρ(Jhi)ρ(ej)fi1 · · · fit = −
t∑
k=1
δjik
(
t∑
h=k+1
cihj
)(
−
∑
g 6=k
cigi
)
Jfi1 · · · fˇik · · · fit .
ρ(ej)ρ(Jhi)fi1 · · · fit = −
t∑
k=1
δjik
(
t∑
h=k+1
cihj
)(
−
t∑
g=1
cigi
)
Jfi1 · · · fˇik · · · fit .
Thus
( ρ(Jhi)ρ(ej)− ρ(ej)ρ(Jhi) )fi1 · · · fit = −cji
t∑
k=1
δjik
(
t∑
h=k+1
cihj
)
Jfi1 · · · fˇik · · · fit
= cjiρ(Jej) fi1 · · · fit .
Similarly other elements of I are shown to be in the kernel of ρ.
Proposition 3.4. The elements h1, · · · , hl and Jh1, · · · , Jhl of M are linearly inde-
pendent over C.
We shall show that both the elements ρ(h1), · · · , ρ(hl) and the elements ρ(Jh1), · · · , ρ(Jhl)
of End(L−) are linearly independent. Then h1, · · · , hl , Jh1, · · · , Jhl are linearly inde-
pendent. Let m =
∑l
j=1 ajhj ∈ M0. Then if ρ(m) = 0 we have −
∑
ajcij = 0 for
1 ≤ ∀i ≤ l . Since the Cartan matrix cij of Φ is non-singular, all aj = 0, that is, m = 0.
Hence ρ(h1), · · · , ρ(hl) are linearly independent, and so h1, · · · , hl are linearly indepen-
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dent also. Similarly, if n =
∑l
j=1 ajJhj ∈ Ker ρ, then
∑
ajcij = 0, 1 ≤ ∀i ≤ l , and
n = 0.
Now the elements hi ; 1 ≤ i ≤ l, give basis of Cartan subalgebra Ho of Mo. Let Hr be
the real form of Ho: Ho = Hr +
√−1Hr. Hr is a l-dimensional abelian subalgebra of M :
[Hr , Hr ] = 0 .
Lemma 3.5. Let K be the subalgebra of M generated over R by H⊗CHo = Ho+JHo.
We have
[Hr , K ] = 0 . (3.11)
Proof. We have [Hr, Ho] = 0 and [ Hr, JHo ] = 0 . The latter follows from [rhi , cJhj ] =
rc[hi, Jhj ] = 0 for ∀r ∈ R, ∀c ∈ C. Jacobi identity yields [Hr, [Ho, JHo]] = 0 and
[Hr, [JHo, JHo]] = 0. Next it holds for example that
[Hr, [ [JHo, Ho], JHo]] = 0, and [Hr, [ [JHo, JHo], Ho]] = 0 .
In this way we obtain [Hr , K ] = 0 .
Example. For sl(n,H), we have
Hr =
n−1∑
i=1
Rhi =
n−1∑
i=1
R(Ei i − Ei+1 i+1) , K = Ho +
√−1RE1 1 + J(Ho + CE1 1) .
We refer the readers to the proof of Proposition 2.6.
Theorem 3.6.
1. M is a quaternion Lie algebra generated by
{ ei, fi, hi , Jei, Jfi, Jhi ; 1 ≤ l ≤ l }
that are subordinate to the relations
[hi, hj ] = 0 , [ ei , fj ] = δijhi , [hi , ej ] = cjiej , [hi , fj ] = − cjifj . (3.1)
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and
[hi, Jhj ] = 0, [ Jhi, Jhj ] = 0 , [hi , Jfj ] = −cji Jfj ,
[hi , Jej ] = cji Jej , [ Jhi , fj ] = −cji Jfj , [ Jhi , ej ] = cjiJej ,
[ ei , Jfi ] = δij Jhi, [ Jei , fi ] = δijJhi, [ Jei , Jfi ] = − δij hi ,
[ Jhi , Jej ] = −cji ej , [ Jhi , Jfj ] = cjifj . (3.12)
2. M is the quaternification of Mo.
3. The real form Hr of the Cartan subalgebra Ho of Mo is an abelian subalgebra of M .
4. Let E be the C-module generated by {ei, Jei ; i = 1, · · · , l }, and F be the C-module
generated by {fi, Jfi ; i = 1, · · · , l }. Then K, E and F viewed as real Lie subalge-
bras of M give the triangular decomposition of M :
M = K + E + F . (3.13)
Proof From the definition 2.9 M is the quaternification of Mo. The theorem will be
proved by the well known argument used to prove Theorem 3.1, that is found for example
in Theorem 18.2 of [H]. We proceed in steps, using the representation ρ : M −→ End(L−)
constructed above.
1. K is isomorphically embedded in M .
This follows from Proposition 3.4
2. The subspace
∑
Cej +
∑
Cfj +
∑
Chj of L maps isomorphically into M . Hence
Mo is a subalgebra of M .
For a fixed i, Cei + Cfi + Chi is a homomorphic image of sl(2,C). The latter being
simple and hi 6= 0 in M by Proposition 3.4, so Cei + Cfi + Chi is isomorphic to
sl(2,C). The set {ej, fj, hj ; 1 ≤ j ≤ l } is linearly independent as the eigenvectors
of the ad hj, so the subspace
∑
Cej +
∑
Cfj +
∑
Chj of L maps isomorphically
into M .
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3. Let i denote the basis ei or Jei and let φi denote the basis fi or Jfi. We write
[ i1 · · · it ] = [i1 , [i2 , . . . , [it−1 , it ] ] ]
[φi1 · · · φit ] = [φi1 , [φi2 , . . . , [φit−1 , φit ] ] ] .
Then
[hj , [ i1 · · · it ] ] = (ci1j + · · ·+ citj) [ i1 · · · it ], (3.14)
[hj , [φi1 · · · φit ] ] = − (ci1j + · · ·+ citj) [φi1 · · · φit ]. (3.15)
For t = 1 we have [hj, ei] = cijei and [hj, Jei] = cijJei in M . We have, for example,
[hj, [ei , Jek] ]
Jacobi
= [ei, [hj, Jek]] + [[hj, ei], Jek] = (cij + ckj)[ei, Jek].
The general case follows by induction and the Jacobi identity.
4. Let E and F be the subalgebras of M generated by {ei, Jei ; i = 1, · · · , l } and by
{fi, Jfi ; i = 1, · · · , l } respectively. Then
[ Jhj , [ i1 · · · it ] ] ∈ E, [ Jhj , [φi1 · · · φit ] ] ∈ F. (3.16)
By virtue of the relations [Jhj, ei] = cijJei and [Jhj, Jei] = −cijei, we have
[Jhj, [ei, [ek, Jel]]] = −ckj[ei, [ek, el]]− ckl[ei, [ek, el]]− cij J [ei, [ek, el]].
By similar calculations we obtain the first assertion. The other cases follow by an
induction with the aid of the relations [Jhj, fi] = −cijJfi.
5. Let pi(i1, · · · , it) = ] {s : is = Jeis , 1 ≤ s ≤ t}. The parity pi([ i1 · · · it ]) of
[i1 · · · it ] ∈ M is defined by (−1)pi(i1,··· ,it). It is equal to 1 ( resp. −1) if there are
even ( resp. odd ) number of is’s that are equal to Jeis among 1 ≤ s ≤ t. Similarly
the parity pi([φi1 · · · φit ]) is defined.
Suppose t ≥ 2. Then [fj , [ i1 · · · it ] ] ∈ Eo if pi is even, and [fj , [ i1 · · · it ] ] ∈
JEo if pi is odd. Similarly [ej , [φi1 · · · φit ] ] ∈ Fo if pi is even and [ej , [φi1 · · · φit ] ] ∈
JFo if pi is odd.
We have already known that [fj, [ ei1 · · · eit ] ] ∈ Eo and the parity of [ ei1 · · · eit ] is
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even. Next the parity of [ei, Jek] is odd, and we have
[fj, [ei, Jek]] = [ei, [fj, Jek]] + [[fj, ei], Jek] = −[ei, δkjJhk]− [δjihi, Jek]
= δkjcikJei − δjickiJek ∈ JEo.
By the relations [fj, ei] = −δijhi, [fj, Jei] = −δijJhi and the Jacobi identity we
complete the argument by an induction on t.
6. K + E + F is a subalgebra of M , hence coincides with M .
That K +E + F is a subalgebra follows from the steps 3, 4, 5. In fact, from (3.14)
and (3.15) we have [hi, E] ⊂ E and [Jhi, E] ⊂ E, hence [K, E] ⊂ E. It follows that
K + E is a subalgebra of M . Similarly K + F is a subalgebra of M . The assertion
in step 5 shows that [i , F ] ⊂ F +K . Since K +E is a subalgebras it follows that
[ i , F +K +E ] ⊂ F +K +E . Similarly we have [φi , F +K +E ] ⊂ F +K +E .
The relations [hi, F +K +E ] ⊂ F +K +E and [Jhi, F +K +E ] ⊂ F +K +E
are clear. Therefore the set of all x ∈ M such that [x, F + K + E] ⊂ F + K + E
contains hi, Jhi, ei, Jei.fi, Jfi. However the set of such x forms a subalgebra. This
subalgebra must be the whole M . Thus F +K + E is an ideal of M that contains
the generators of M . It follows that M = K + E + F .
7. The sum M = K + E + F is direct.
The step 3 shows how to decompose M ( directly ) into the eigensubspaces of adHr,
and directness follows.
We consider now the weight spaces of M with respect to Hr and describe the decom-
position M = K + E + F in terms of weights. For each λ : Hr −→ R , let
Mλ = {x ∈M ; [h , x ] = λ(h)x, ∀h ∈ Hr} .
( Do not confuse M0 with Mo = Lo/Io. ) λ ∈ Hom(Hr , R) will be called weights
whenever λ 6= 0 and Mλ 6= 0. Mλ is called a weight space. If x, y ∈M are weight vectors
of weights λ, µ then [x , y] is a weight vector of weight λ+ µ:
[Mλ , Mµ ] ⊂ Mλ+µ .
Any root of Mo is a weight of M since λ(h) is real for any λ ∈ Φ and h ∈ hr. From
Lemma 3.5 and the directness of the decomposition of M it follows that the null weight
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space M0 coincides with K. From the relations (3.1) and (3.12) we see that ei and Jei
are weight vectors of weight αi. fi and Jfi are weight vectors of weight −αi. Thus all Lie
products of generators ei, Jei, fi, Jfi, hi, Jhi are weight vectors. Since every element of
M is a linear combination of products of these vectors we deduce that the weights of M
coincides with the root system Φ of Mo:
M = K ⊕
∑
λ∈Φ
Mλ.
We know already that the weights α1, · · · , αl ∈ Hom(Hr,R) are linearly independent,
and that any weight λ ∈ Φ has form ∑li=1 kiαi, ki ∈ Z. Moreover a non-zero weight λ
has the form λ =
∑l
i=1 kiαi, ki ∈ Z, with all ki ≥ 0 or all ki ≤ 0. From the discussion
hitherto we have
K = M0 , E =
∑
λ∈Φ+
Mλ , F =
∑
λ∈Φ−
Mλ . (3.17)
3.3 Root space decomposition of quaternion Lie algebras
Let Iˆo be the ideal of Mo generated by all eij = (ad ei)
−cji+1(ej) and fij = (ad fi)−cji+1(fj),
(3.5). We know that go = Mo/Iˆo is a finite dimensional simple algebra with Cartan
subalgebra ho which is the image of Ho under the quotient map Mo −→ go. In fact
Ho maps isomorphically into go. ho is spanned by h1, · · · , hl and the corresponding root
system is Φ , Theorem3.2, [C, H] . The Cartan decomposition of go is given by
go = ho ⊕
∑
λ∈Φ(go)λ ,
(go)λ = {ξ ∈ go; ad(h) ξ = λ(h)ξ ∀h ∈ ho} .
Let Iˆ be the ideal of M generated by H⊗C Iˆo = Iˆo + JIˆo, that is, the ideal generated
by eij, Jeij, fij, Jfij. Iˆ is in fact the ideal written by the elements [i, [i, · · · , [i, j]]] and
the elements [φi, [φi, · · · , [φi, φj]]] for all i 6= j. Where i = ei or Jei, φi = fi or Jfi as was
introduced before. Let g be the quotient quaternion Lie algebra:
g = M/Iˆ . (3.18)
g is the quaternification of go = Mo/Iˆo. Let Iˆ
+ be the ideal of E generated by the
elements [i, [i, · · · , [i, j]]] for all i 6= j, and let Iˆ− be the ideal of F generated by the
elements [φi, [φi, · · · , [φi, φj]]] for all i 6= j. Then Iˆ± become ideals of M and it holds
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Iˆ = Iˆ+ ⊕ Iˆ−. We put e = E/Iˆ+ and f = E/Iˆ−. On the other hand the subalgebra
K of M is isomorphically mapped to a subalgebra k of g = M/Iˆ. So k is generated by
H⊗C ho = ho + Jho. From the facts that g = M/Iˆ , M = F ⊕K ⊕ E , it follows
g = f⊕ k⊕ e .
We continue to denote the generators of g by ei, Jei , hi , Jhi , fi , Jfi . These are the
images of the generators of L under the natural homomorphism L −→ g.
Let hr = Hr/Iˆ. Hr is isomorphically mapped to hr and hr is the real form of ho that
is an abelian subalgebra of g. The root space decomposition of g with respect to hr is
given by
g =
∑
λ∈Φ gλ ,
hr ⊂ g0 , gλ = {ξ ∈ g; ad(h) ξ = λ(h)ξ ∀h ∈ hr} for λ ∈ Φ.
ad ei and ad fi are nilpotent by the definition of go. Similarly ad i and ad φi are nilpotent.
We know already that the root system Φ and the Weyl group of transformations of Hr
are finite. Then the finiteness of dim g follows by a similar discussion as in the proof of
Theorem3.2, [H, C].
Theorem 3.7. 1.
g = g0 + e + f , (3.19)
e =
∑
λ∈Φ+
gλ , f =
∑
λ∈Φ−
gλ
where Φ± = {n1α1 + · · ·+ nlαl 6= 0 ; ni ≥ 0 ( resp. ni ≤ 0 ) ∀i }.
2.
g0 = k , gλ = H⊗ (go)λ if λ 6= 0. (3.20)
3.
dimC gαi = 2 , dimC g−αi = 2 , i = 1, · · · , l. (3.21)
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Proof. We have
ad(hi)(ej) = αj(hi)ej , ad(hi)(Jej) = αj(hi)Jej ,
ad(hi)(fj) = −αj(hi)fj , ad(hi)(Jfj) = −αj(hi)Jfj
Hence dim gαj ≥ 2. As we have seen in steps 5 and 6 of the proof of Theorem 3.6, e is
generated by {ei , Jei ; i = 1, · · · , l } so is spanned by monomials in these elements. All
such monomials are weight vectors. Since αj ; 1 ≤ j ≤ l, are linearly independent the
only monomials which have weight αj are ej and Jej. Hence gαj = (go)αj +J(go)αj . Thus
dim gαj = 2. Similarly dim g−αj = 2. It follows that gλ = (go)λ + J(go)λ = H ⊗C (go)λ
for any root λ 6= 0. The others are proved in a routine method.
Example.
For sl(n,H), we have
sl(n,H) = sl(n,C) + Jsl(n,C) +
√−1RIn + J(CIn)
= sk(n,C) + Jgl(n,C) = k⊕
∑
i 6=j
gαij ,
where k = ho +
√−1RE1 1 + J(ho + CE1 1) , and gλ = H⊗C (go)λ for any root λ 6= 0.
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